
Lista 3 - Estática 
 
1) Encontre o centroide das figuras abaixo. O gabarito com centroides conhecidos está 
no final da lista. 
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 5.1 through 5.9 Locate the centroid of the plane area shown.

PROBLEMS
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Fig. P5.9
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2) A barra circular abaixo está presa por um pino em C e um cabo AB. Determine a 
reação em C e a tensão no cabo, dados que a barra pesa 4 kg e r = 25 cm. 

 
 
3) Determine por integração os centroides das figuras abaixo (5.45 e 5.46 são fios 
delgados): 

 
 

233Problems 5.10 through 5.15 Locate the centroid of the plane area shown.

 5.16 Determine the y coordinate of the centroid of the shaded area in 
terms of r1, r2, and a.

Parabola
Vertex50 mm

15 mm

80 mm

y

x

Fig. P5.12

x

y

r2 = 12 in. r1 = 8 in.

Fig. P5.11

x

y

Semiellipse

70 mm

26 mm

47 mm 47 mm

Fig. P5.10

x

y

Vertex

Parabola

75 mm

60 mm

60 mm

Fig. P5.15

x

y

r

x = ky2
20 mm 20 mm

30 mm

Fig. P5.13

x = ky2

x 

y = kx2

y 

20 in.

20 in.

Fig. P5.14

x

y

α α
r1 r2

Fig. P5.16 and P5.17

 5.17 Show that as r1 approaches r2, the location of the centroid 
approaches that for an arc of circle of radius (r1 1 r2)/2.

 5.18 For the area shown, determine the ratio a/b for which x 5 y.

 5.19 For the semiannular area of Prob. 5.11, determine the ratio r2/r1 
so that y 5 3r1/4.

x

y

y = kx2

a

b

Fig. P5.18
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235Problems 5.23 The first moment of the shaded area with respect to the x axis 
is denoted by Qx. (a) Express Qx in terms of b, c, and the distance 
y from the base of the shaded area to the x axis. (b) For what 
value of y is Qx maximum, and what is that maximum value?

x

y

b

c
y

c

C

Fig. P5.23

 5.24 through 5.27 A thin, homogeneous wire is bent to form the 
perimeter of the figure indicated. Locate the center of gravity of 
the wire figure thus formed.

   5.24 Fig. P5.1.
   5.25 Fig. P5.2.
   5.26 Fig. P5.3.
   5.27 Fig. P5.7.

 5.28 A uniform circular rod of weight 8 lb and radius 10 in. is attached 
to a pin at C and to the cable AB. Determine (a) the tension in 
the cable, (b) the reaction at C.

 5.29 Member ABCDE is a component of a mobile and is formed from 
a single piece of aluminum tubing. Knowing that the member is 
supported at C and that l 5 2 m, determine the distance d so that 
portion BCD of the member is horizontal.

B

r

C

A

Fig. P5.28

 5.30 Member ABCDE is a component of a mobile and is formed from 
a single piece of aluminum tubing. Knowing that the member is 
supported at C and that d is 0.50 m, determine the length l of arm 
DE so that this portion of the member is horizontal.

A

B C D

E

1.50 m

d

0.75 m

l

55°55°

Fig. P5.29 and P5.30
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PROBLEMS

 5.34 through 5.36 Determine by direct integration the centroid of 
the area shown. Express your answer in terms of a and h.

x

y

h

a

Fig. P5.34

x

y

y = mx

y = kx2

h

a

Fig. P5.35

x

y

y = kx3

h

a

Fig. P5.36

 5.37 through 5.39 Determine by direct integration the centroid of 
the area shown.

x

y

b

a

x2

a2

y2

b2
+ = 1

Fig. P5.37

x

y

r1

r2

Fig. P5.38

x

y

a

a
2

a
2

a

a

Fig. P5.39

 5.40 and 5.41 Determine by direct integration the centroid of the 
area shown. Express your answer in terms of a and b.

x

y

b

a

y = k(x – a)2

Fig. P5.40

x

y

b

a

y1 = k1x2

y2 = k2 x4

Fig. P5.41
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4) Determine as reações nos suportes das cargas abaixo: 

 
 
5) A seção reta de uma represa é ilustrada abaixo. Para uma região de 1 m de largura 
da represa, determine (a) a força resultante exercida pelo solo na base AB, (b) o ponto 

245Problems 5.42 Determine by direct integration the centroid of the area shown.

 5.43 and 5.44 Determine by direct integration the centroid of the 
area shown. Express your answer in terms of a and b.

y

x
L L

a

y = a 1 – x
L

x2

L2
+  ) (

Fig. P5.42

x

y

b
2

b
2

a
2

a
2

x = ky2

Fig. P5.43

x

y

y = kx2

a a

b

b

Fig. P5.44

 5.45 and 5.46 A homogeneous wire is bent into the shape shown. 
Determine by direct integration the x coordinate of its centroid. 

x

y

a

a

π
20 ≤    ≤  θx = a cos3

y = a sin3
θ
θ

Fig. P5.45

y

x

r 45°

45°

Fig. P5.46

 *5.47 A homogeneous wire is bent into the shape shown. Determine by 
direct integration the x coordinate of its centroid. Express your 
answer in terms of a.

 *5.48 and *5.49 Determine by direct integration the centroid of the 
area shown.

x

y

a

a

y = kx
3
2

Fig. P5.47

x

y

a

y = a cos px
2L

L
2

L
2

Fig. P5.48

x

y

q

r = a eq

Fig. P5.49
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245Problems 5.42 Determine by direct integration the centroid of the area shown.

 5.43 and 5.44 Determine by direct integration the centroid of the 
area shown. Express your answer in terms of a and b.
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 5.45 and 5.46 A homogeneous wire is bent into the shape shown. 
Determine by direct integration the x coordinate of its centroid. 
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θ
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Fig. P5.46

 *5.47 A homogeneous wire is bent into the shape shown. Determine by 
direct integration the x coordinate of its centroid. Express your 
answer in terms of a.

 *5.48 and *5.49 Determine by direct integration the centroid of the 
area shown.
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PROBLEMS

 5.66 and 5.67 For the beam and loading shown, determine (a) the 
magnitude and location of the resultant of the distributed load, 
(b) the reactions at the beam supports.

120 lb/ft
150 lb/ft

A B

9 ft

Fig. P5.66

A B

4 m

Parabola
Vertex

200 N/m
800 N/m

Fig. P5.67

 5.68 through 5.73 Determine the reactions at the beam supports 
for the given loading.

A B

4 m6 m

6 kN/m

2 kN/m

Fig. P5.68

600 lb/ft

480 lb/ft

A D
B C

2 ft
6 ft3 ft

Fig. P5.69

9 ft

A
B

200 lb/ft

6 ft6 ft

Fig. P5.70

1000 N/m

1200 N/m

A B

3.6 m

Fig. P5.71

100 lb/ft

200 lb/ft

A B

6 ft12 ft

Parabolas

Fig. P5.72

A B

6 m

900 N/m

300 N/m

Parabola

Vertex

Fig. P5.73
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de aplicação desta resultante, (c) a resultante da força causada pela pressão na face BC 
da represa. 
Densidade da água: 103 kg/m3. Densidade do concreto: 2.4 × 103 kg/m3. 

 
 
6) A parede AB de um tanque tem 3 × 4 m, é articulada por uma dobradiça em A e 
segura por um cabo em B. O cabo suporta no máximo uma tensão de 200 kN. Calcule 
a maior altura de água d para que o cabo não se parta. 

 
 
7) Determine as forças internas em função de 0 < α < 90º no ponto J da estrutura 
abaixo. 

 
 
8) Determine as forças internas nos pontos J e K da estrutura abaixo. 
 

255Problems 5.74 Determine (a) the distance a so that the vertical reactions at sup-
ports A and B are equal, (b) the corresponding reactions at the 
supports.

 5.75 Determine (a) the distance a so that the reaction at support B is 
minimum, (b) the corresponding reactions at the supports.

 5.76 Determine the reactions at the beam supports for the given load-
ing when w0 5 150 lb/ft.

 5.77 Determine (a) the distributed load w0 at the end D of the beam 
ABCD for which the reaction at B is zero, (b) the corresponding 
reaction at C.

 5.78 The beam AB supports two concentrated loads and rests on soil 
that exerts a linearly distributed upward load as shown. Determine 
the values of wA and wB corresponding to equilibrium.

 5.79 For the beam and loading of Prob. 5.78, determine (a) the distance 
a for which wA 5 20 kN/m, (b) the corresponding value of wB.

A B

4 m

600 N/m

a

1800 N/m

Fig. P5.74 and P5.75

450 lb/ft
w0

A B C
D

4 ft 12 ft
2 ft

44.1 kip⋅ft

Fig. P5.76 and P5.77

A B
wA

wB

24 kN 30 kN
0.3 m

1.8 m

a = 0.6 m

Fig. P5.78

A B

C

2.4 m
4.8 m

7.2 m

Parabola

Vertex

Fig. P5.80

In the following problems, use g 5 62.4 lb/ft3 for the specific weight of fresh 
water and gc 5 150 lb/ft3 for the specific weight of concrete if U.S. customary 
units are used. With SI units, use r 5 103 kg/m3 for the density of fresh water 
and rc 5 2.40 3 103 kg/m3 for the density of concrete. (See the footnote on 
page 222 for how to determine the specific weight of a material given its 
density.)

 5.80 The cross section of a concrete dam is as shown. For a 1-m-wide 
dam section determine (a) the resultant of the reaction forces 
exerted by the ground on the base AB of the dam, (b) the point 
of application of the resultant of part a, (c) the resultant of the 
pressure forces exerted by the water on the face BC of the dam.

 5.81 The cross section of a concrete dam is as shown. For a 1-ft-wide 
dam section determine (a) the resultant of the reaction forces 
exerted by the ground on the base AB of the dam, (b) the point 
of application of the resultant of part a, (c) the resultant of the 
pressure forces exerted by the water on the face BC of the dam.

A B

C

8 ft

r = 21 ft

r = 21 ft

Fig. P5.81
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256 Distributed Forces: Centroids and Centers
of Gravity

 5.82 The 3 3 4-m side AB of a tank is hinged at its bottom A and is 
held in place by a thin rod BC. The maximum tensile force the 
rod can withstand without breaking is 200 kN, and the design 
specifications require the force in the rod not to exceed 20 percent 
of this value. If the tank is slowly filled with water, determine the 
maximum allowable depth of water d in the tank.

 5.83 The 3 3 4-m side of an open tank is hinged at its bottom A and 
is held in place by a thin rod BC. The tank is to be filled with 
glycerine, whose density is 1263 kg/m3. Determine the force T in 
the rod and the reactions at the hinge after the tank is filled to a 
depth of 2.9 m.

 5.84 The friction force between a 6 3 6-ft square sluice gate AB and 
its guides is equal to 10 percent of the resultant of the pressure 
forces exerted by the water on the face of the gate. Determine the 
initial force needed to lift the gate if it weighs 1000 lb.

 5.85 A freshwater marsh is drained to the ocean through an auto-
matic tide gate that is 4 ft wide and 3 ft high. The gate is held 
by hinges located along its top edge at A and bears on a sill at 
B. If the water level in the marsh is h 5 6 ft, determine the 
ocean level d for which the gate will open. (Specific weight of 
salt water 5 64 lb/ft3.)

 5.86 The dam for a lake is designed to withstand the additional force 
caused by silt that has settled on the lake bottom. Assuming that 
silt is equivalent to a liquid of density rs 5 1.76 3 103 kg/m3 and 
considering a 1-m-wide section of dam, determine the percentage 
increase in the force acting on the dam face for a silt accumulation 
of depth 2 m.

A

BCT

3 m
d

Fig. P5.82 and P5.83

A

B

T

15 ft

6 ft

Fig. P5.84

A

B
3 ft

Marsh

Ocean

d

h = 6 ft

Fig. P5.85

Water

Silt

6.6 m

Fig. P5.86 and P5.87

 5.87 The base of a dam for a lake is designed to resist up to 120 percent 
of the horizontal force of the water. After construction, it is found 
that silt (that is equivalent to a liquid of density rs 5 1.76 3 103 kg/m3) 
is settling on the lake bottom at the rate of 12 mm/year. Consider-
ing a 1-m-wide section of dam, determine the number of years 
until the dam becomes unsafe.

 5.88 A 0.5 3 0.8-m gate AB is located at the bottom of a tank filled 
with water. The gate is hinged along its top edge A and rests on a 
frictionless stop at B. Determine the reactions at A and B when 
cable BCD is slack.

 5.89 A 0.5 3 0.8-m gate AB is located at the bottom of a tank filled 
with water. The gate is hinged along its top edge A and rests on a 
frictionless stop at B. Determine the minimum tension required 
in cable BCD to open the gate.

A

B

C D T

0.27 m

0.45 m

0.48 m

0.64 m

Fig. P5.88 and P5.89
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PROBLEMS

358

 7.1 and 7.2 Determine the internal forces (axial force, shearing 
force, and bending moment) at point J of the structure indicated.

 7.1 Frame and loading of Prob. 6.79
 7.2 Frame and loading of Prob. 6.80

 7.3 Determine the internal forces at point J when a 5 90°.

CB

A

D

Ja

1.4 kN

300 mm

400 mm

175 mm

200 mm

200 mm

Fig. P7.3 and P7.4

 7.4 Determine the internal forces at point J when a 5 0.

 7.5 Determine the internal forces at point J of the structure shown.

 7.6 Determine the internal forces at point K of the structure shown.

 7.7 A semicircular rod is loaded as shown. Determine the internal 
forces at point J.

A

B

C D

J

K
60 mm
60 mm

135 mm
400 N

225 mm

225 mm

240 mm

Fig. P7.5 and P7.6

 7.8 A semicircular rod is loaded as shown. Determine the internal 
forces at point K.

A

B

J

K

120 N

60°

30°

180 mm

180 mm

Fig. P7.7 and P7.8
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9) Uma barra em formato de quarto de círculo de peso P e seção uniforme é suspensa 
conforme a figura abaixo. Determine o momento fletor no ponto J, em função de θ. 

 
 
10) Desenhe os diagramas de esforço cortante e momento fletor das vigas abaixo. 
Encontre os pontos onde estes valores são máximos. 
 

 

PROBLEMS

358

 7.1 and 7.2 Determine the internal forces (axial force, shearing 
force, and bending moment) at point J of the structure indicated.

 7.1 Frame and loading of Prob. 6.79
 7.2 Frame and loading of Prob. 6.80

 7.3 Determine the internal forces at point J when a 5 90°.

CB

A

D

Ja

1.4 kN

300 mm

400 mm

175 mm

200 mm

200 mm

Fig. P7.3 and P7.4

 7.4 Determine the internal forces at point J when a 5 0.

 7.5 Determine the internal forces at point J of the structure shown.

 7.6 Determine the internal forces at point K of the structure shown.

 7.7 A semicircular rod is loaded as shown. Determine the internal 
forces at point J.

A

B

C D

J

K
60 mm
60 mm

135 mm
400 N

225 mm

225 mm

240 mm

Fig. P7.5 and P7.6

 7.8 A semicircular rod is loaded as shown. Determine the internal 
forces at point K.

A

B

J

K

120 N

60°

30°

180 mm

180 mm

Fig. P7.7 and P7.8
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361Problems 7.21 and 7.22 A force P is applied to a bent rod that is supported 
by a roller and a pin and bracket. For each of the three cases shown, 
determine the internal forces at point J.

3
4

3
4

B

C D

J

A

P

(a) (b) (c)

a

a

a a
B

C D

J

A

P

3
4

a

a

a a
B

C D

J

A

P

a

a

a a

Fig. P7.21

B

C D

J

P

(a) (b) (c)

a

a

a a

B

C

D

J

P

3

4

3
4

a

a

a a

B

C
D

J

A A A

P

a

a

a a

Fig. P7.22

 7.23 A semicircular rod of weight W and uniform cross section is sup-
ported as shown. Determine the bending moment at point J when 
u 5 60°.

 7.24 A semicircular rod of weight W and uniform cross section is sup-
ported as shown. Determine the bending moment at point J when 
u 5 150°.

 7.25 and 7.26 A quarter-circular rod of weight W and uniform cross 
section is supported as shown. Determine the bending moment at 
point J when u 5 30°.

B

J

A
q

r

Fig. P7.25

B

J

A

q

r

Fig. P7.26

q

B

J

A

r

r

Fig. P7.23 and P7.24

 7.27 For the rod of Prob. 7.25, determine the magnitude and location 
of the maximum bending moment.

 7.28 For the rod of Prob. 7.26, determine the magnitude and location 
of the maximum bending moment.
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PROBLEMS

370

 7.29 through 7.32 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment.

PP

A
B

C

a a

Fig. P7.29

A
B

C

P

L
3

2L
3

Fig. P7.30

w

A
B

C

L
2

L
2

Fig. P7.32

w

A
B C

D

L
4

L
2

L
4

Fig. P7.31

7.33 and 7.34 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

 7.35 and 7.36 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

M0 = PL

P

A
B

L

Fig. P7.33

M0

A
B

C

L
2

L
2

Fig. P7.34

A
B

C

D E

10 kN⋅m
30 kN 20 kN

0.5 m0.5 m0.5 m
15 kN

1 m

Fig. P7.35

0.6 m 0.9 m
0.2 m

A B
C D E

40 kN 32 kN 16 kN

1.5 m

Fig. P7.36

120 lb 120 lb300 lb

10 in. 20 in. 15 in.

A B
C D E

25 in.

Fig. P7.38

6 kips 12 kips 4.5 kips

2 ft2 ft2 ft2 ft

A B
C D E

Fig. P7.37

7.37 and 7.38 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.
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 7.29 through 7.32 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment.
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7.33 and 7.34 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

 7.35 and 7.36 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.
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7.37 and 7.38 For the beam and loading shown, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.
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11) Considerando a reação do solo como uniformemente distribuída, desenhe os 
determine os diagramas de esforço cortante e momento fletor das vigas abaixo. 
Encontre os pontos onde esses valores são máximos. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

371Problems 7.39 through 7.42 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment.
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 7.43 Assuming the upward reaction of the ground on beam AB to be 
uniformly distributed and knowing that a 5 0.3 m, (a) draw the 
shear and bending-moment diagrams, (b) determine the maximum 
absolute values of the shear and bending moment.

A B
C

D

200 mm 200 mm200 mm

600 N

Fig. P7.49

3 kN

A B
C D

3 kN

1.5 m
aa

Fig. P7.43

A B
C D

6 ft
3 ft3 ft

3 kips/ft 3 kips/ft

Fig. P7.45

A B
C D

6 ft3 ft 3 ft

3 kips/ft

Fig. P7.46

A B
C ED

w wP

a a a a

Fig. P7.47

 7.44 Solve Prob. 7.43 knowing that a 5 0.5 m.

 7.45 and 7.46 Assuming the upward reaction of the ground on beam 
AB to be uniformly distributed, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of 
the shear and bending moment.

 7.47 Assuming the upward reaction of the ground on beam AB to be 
uniformly distributed and knowing that P 5 wa, (a) draw the shear 
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

 7.48 Solve Prob. 7.47 knowing that P 5 3wa.

 7.49 Draw the shear and bending-moment diagrams for the beam AB, 
and determine the shear and bending moment (a) just to the left 
of C, (b) just to the right of C.
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Gabarito de centroides 
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Fig. 5.8A Centroids of common shapes of areas.

5.4 First Moments of Areas and Lines
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226  Distributed Forces: Centroids and Centers 
of Gravity

5.5 COMPOSITE PLATES AND WIRES
In many instances, a flat plate can be divided into rectangles, triangles, 
or the other common shapes shown in Fig. 5.8A. The abscissa X of its 
center of gravity G can be determined from the abscissas x1, x2, . . . , xn 
of the centers of gravity of the various parts by expressing that the 
moment of the weight of the whole plate about the y axis is equal 
to the sum of the moments of the weights of the various parts about 
the same axis (Fig. 5.9). The ordinate Y of the center of gravity of 
the plate is found in a similar way by equating moments about the 
x axis. We write

 ©My:  X(W1 1 W2 1 . . . 1 Wn) 5 x1W1 1 x2W2 1 . . . 1 xnWn

 ©Mx:  Y(W1 1 W2 1 . . . 1 Wn) 5 y1W1 1 y2W2 1 . . . 1 ynWn
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Fig. 5.8B Centroids of common shapes of lines.
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Fig. 5.9 Center of gravity of a composite plate.
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